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. , \S 2 , – ,
$\{\Phi, H\}=0$ – . \S 3 ,
, ( 1). ,
\S 4 . \S 5 , 1 ,
4 – 2 ( 2).
2 –
2.1
– $\Phi$ , 2 .
Property 1. $\Phi$ $(p_{x},p_{y})$ .
Property 2. $\Phi$ $k$ .
Property 1 (1) . (1) ,
$tarrow-t$ , $xarrow x$ , $yarrow y$ , $Pxarrow-p_{x}$ , $p_{y}arrow-p_{y}$ (4)
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, $\Phi(x, y,Px’ Py)$ – , $\Phi(x, y, -px’-p_{y})$ – .
,
$\Phi^{+}=\frac{\Phi(x,y,Px’ p_{y})+\Phi(x,y,-Px’-p_{y})}{2}$ , $\Phi^{-}=\frac{\Phi(x,y,p_{x},py)-\Phi(x,y,-px’-p_{y})}{2}$ (5)
– . , – $\Phi$ $\Phi=\Phi^{+}+\Phi^{-}$ .
, $\Phi^{+}$ $(p_{x},p_{y})$ – , $\Phi^{-}$ $(p_{x},p_{y})$ –
. , – $\Phi^{+}$ $\Phi^{-}$ . ,
$(p_{x},p_{y})$ .
Property 2 ( )
. $N$
$\frac{dx_{i}}{dt}=F(X_{1}, X_{2}, \ldots, x_{N})$ , $(i=1,2, \ldots, N)$ (6)
, $g_{1},$ $g_{2},$ $\ldots,$ $g_{N}$
$tarrow\sigma^{-1}t$ , $x_{1}arrow\sigma^{g_{1}}x_{1}$ , $x_{2}arrow\sigma^{g_{2}}x_{2},$ $\ldots,$ $x_{N}arrow\sigma^{g_{N}}x_{N}$ (7)
, . , $\sigma$ .
, $\sigma^{M}$ ,
$\phi(\sigma^{-1}t, \sigma^{g_{1}}x_{1}, \ldots, \sigma^{g_{N}}X_{N})=\sigma^{M}\emptyset(t, X_{1,.d}. , x_{N})$ (8)




. , $\Phi_{m}$ $m$ .
$\Phi’=\sum_{m}\sigma^{m}\Phi m$
(10)
, – . $\sigma$ , $\Phi_{m}$
– . , –
. , $k$
, (1)
$tarrow\sigma^{-1}t$ , $xarrow\sigma^{2/()}k-2X$ , $yarrow\sigma^{2/(k2)}-y$ , $p_{x}arrow\sigma^{k/(k-2}p_{x})$ , $p_{y}arrow\sigma^{k/(k-2})_{p_{y}}$ (11)
. , –
$k$ . , $\mathrm{o}$
$H(\sigma X, \sigma^{2}y, \sigma^{k}-k2)px’\sigma-2)p_{y})k2)/(k/(k2k/(k-2)H=\sigma(x, y,Px’ p_{y})2/(k-2)/(-,$ (12)
, $2k/(k-2)$ – .
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22 $N$ –
Property 1 , $N$ –
$[N/2]_{N-2n}$
$\Phi=\sum_{n=0}\sum_{m=0}A^{m,N-2N2m}n(x, y)pxp_{y}^{m}-n-$ (13)
. Poisson $0$ ,
$\{\Phi, H\}=\frac{\partial\Phi}{\partial x}\frac{\partial H}{\partial p_{x}}-\frac{\partial\Phi}{\partial p_{x}}\frac{\partial H}{\partial x}+\frac{\partial\Phi}{\partial y}\frac{\partial H}{\partial p_{y}}-\frac{\partial\Phi}{\partial p_{y}}\frac{\partial H}{\partial y}$
$=p_{x} \frac{\partial\Phi}{\partial x}-\frac{\partial\Phi}{\partial p_{x}}\frac{\partial V}{\partial x}+p_{y}\frac{\partial\Phi}{\partial y}-\frac{\partial\Phi}{\partial p_{y}}\frac{\partial V}{\partial y}=0$ (14)
. (13) ($p_{x}$ ,p
$A^{m-1,\iota-}1+xAm,\iota-1=(y)A^{m}+11,\iota+1Vx(\iota-m+1)Amm++’+V_{y}\iota 1$, $(m=0,1, \ldots, l)$ ‘ (15)
. ,
$l=N+1,$ $N-1,$ $N-3,$ $\ldots,$ $\{$
$0$ ( $N$ “ )
1($N$ )
, $s<0,$ $t<0,$ $s>N$, $t>N$ $A^{s,t}=0$ . , $x,$ $y$
. , $l=N+1$ , (15)
$A_{x}m-1,N+Am,N=0y$
’
$(m-arrow 0,1, \ldots, N+1)$ (16)
. ,
: $A^{m,N}(x, y)= \sum\sum(-1)^{v}mN-ma_{u+m-v}v,X^{v}y^{u}$, $(m=0,1, \ldots, N)$ (17)
$v=0u=0$
. , $a_{u+v,m-v}$ . Property 2 , $N+1$ $A^{m,N}$
. , (17) ,
. , $u+v$ $N+1$
$(u+v=N, N-1, \ldots, 0)$ . , – $N$
.
Case 1 $(u+v=N)$ : $\Phi=a_{N,0}(ypx-Xp_{y})^{N}+\cdots$
Case 2 $(u+v=N-1):\Phi=(a_{N-1,0}p_{x}+a_{N-1,1}py)(ypx-Xpy)^{N-}1+\cdots$
Case $\mathrm{N}+1(u+v=0)$ : $\Phi=a_{0,0}p_{x}^{N}+a_{0,1}p_{x}^{N1}-p_{y}+\cdots+a_{0,N}p_{y}^{N}+\cdots$
, $l=N-1$ , (15)
$A^{m-1,N-2}+Axym,N-2(m+1)Am+1,NVx+(N-m)Am,N=V_{y}$ , $(m=0,1, \ldots, N-1)$ (18)
84
. (18) $(m+1)$ $(-1)^{m}\partial N-1/\partial_{X^{N-m-1}}\partial y^{m}$
, $m=0$ $m=N-1$ , $0$ ,
$\sum_{m=0}^{N-1}(-1)^{m}\frac{\partial^{N-1}}{\partial x^{N-m-\iota}\partial y^{m}}[(m+1)A^{m+1,N}V_{x}+(N-m)A^{m}’ NV_{y}]=0$ (19)
. $l=N-3,$ $N-5,$ $\ldots$ ,
. , $N$ $(N+1)/2$ , $N$
$N/2$ .
, $N=1,2$ [3]. $N‘\geq 3$ ,
. \S 1 , , .
, $V(x, y)$ $(x, y)$
. $0$ , –
. , ,
. ;. $\cdot$‘’. ... :
’
,
$-_{r}$ .: $.:,$ $’\cdot’$ . $\cdot\backslash ‘:.=$. ,
, – (13) $A^{m,N-2n}(X, y)(n=1,2, \ldots)$
$\langle$ . Property 2 , . $N$
$A^{m,N}(x, y)$ $u+v$ , (11). –
$N$ ..... .. $\cdot$ . $.\vee\cdot$ :$-$
$(u+v) \frac{2}{k-2}+N\frac{k}{k-2}=.\frac{2(u+v)+Nk}{k-2}$ (20)
. – $N-2n$










, (21) $\alpha_{1}=0$ .
, $x^{k-1}y$ . $\varphi$
$xarrow x\cos\varphi-y\sin\varphi$ , $yarrow x\sin\varphi+y\cos\varphi$ (22)
, $x^{k-1}y$ , $\tan\varphi$ $k$ .
, $k.\text{ ^{ _{ }}}|\text{ }$ . $\text{ },$ $...\text{ }$ $4$
$V_{4}=x^{44}+y$ (23)
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$30^{\mathrm{o}},$ $45^{\mathrm{o}}$ , – ,
$V_{4}=5x^{4}-4\sqrt{3}x^{3}y+18x^{2}y^{2}+4\sqrt{3}xy^{3}+5y^{4}$ (24)
$V_{4}=x^{4}+6xy+y^{4}22$ (25)
. $\alpha_{1}=0$ , (24)
. , (25) , . , $\alpha_{1}=0$
(21) , $k$ . (23)
, (25) 2 .
$\alpha_{1}=0$ , 2 , $V=\alpha_{0^{X}}2+\alpha_{2}y^{2}$ .
, – $\Phi=p_{x}^{2}+2\alpha_{0}x^{2}$ . , 2
. , $k$ $k\geq 3$
.
3 ( )
3.1 1 2 –
$N=1,2$ , \S 2.2 [3],
, 1 2 – 2
. , , , \S 2.2
.
1 – ,
$\Phi=A_{0}(x, y)px+A1(x, y)p_{y}$ (26)
. Poisson $0$ (15) ,
$A_{0x}=0$ , $A_{0y}+A_{1x}=0$, $A_{1y}=0$ (27)
$A_{0}V_{x}+A1V_{y}=0$ (28)
. $\mathrm{A}\cdot\cdot.-\cdot\backslash \cdot$
. (27) 1 , 2 .
Case 1. $\Phi=a_{1}(ypx-xp_{y})$ (29)
Case 2. $\Phi=a_{0}p_{x}+b_{0p_{y}}$ (30)
, (28) ,
Case 1. $a_{1}(yV_{xy}-XV)=0$ (31)
Case 2. $a_{0}V_{x}+b_{0}V_{y}=0$ (32)
. (21) (31), (32) , $(x, y)$
. $0$ , $a_{1}\neq 0$ (Case 1),
$(a_{0}, b\mathrm{o})\neq(0,0)$ (Case 2) $\alpha_{j}$ .
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. , Appendix A.l .
–
$V_{k}=r^{k}=(x^{2}+y^{2})^{k/2}$ , $k$ $\Phi=yp_{x}-xp_{y}$
$V_{k}=x^{k}$ $\Phi=p_{y}$
2 –
$\Phi=A_{0}(x, y)p_{x}^{2}+A_{1}(x, y)pxp_{y}+A_{2}(x, y)p_{y}^{2}+B_{0}(x, y)$ (33)
. Poisson $0$ (15) ,
$A_{0x}=0$ , $A_{0y}+A_{1x}=0$ , $A_{1y}+A_{2x}=0$ , $A_{2y}=0$ (34)
$B_{0x}=2A_{0}V_{x}+A_{1}V_{y}$ , $B_{0y}=A_{1}V_{x}+2A_{2}V_{y}$ (35)
. (34) 2 , 3 .
Case 1. $\Phi=a_{2}(yp_{x}-xp_{y})^{2}+B\mathrm{o}(x, y)$ (36)
Case 2. $\dot{\Phi}=|(a_{1}p_{x}+b_{1p_{y}})(yp_{x}-xpy)+B_{0}(x, y)$ (37)
Case 3. $\Phi.=a_{0}p_{x}^{2}+b_{0}p_{x}p_{y}+c_{\mathrm{O}}p_{y}^{2}+B\mathrm{o}(x, y)$ (38)
(35) , $\partial_{yx0_{y}}B\mathit{0}_{x}-\partial B=0$ ,
$A_{1}(V_{xx}-V)yy+2(A_{2}-A_{0})V_{xy}+(A_{1x}-2A_{\mathit{0}}y)Vx+(2A_{2x1y}-A)V_{y}=0$ (39)






. (21) (40), (41), (42) $(x, y)$ .
, $a_{2}\neq 0$ (Case 1), $(a_{1}, b_{1})\neq(0,0)$ (Case 2), $(a_{0}, b\mathit{0}, c_{0})\neq$
$(0,0, \mathrm{o})$ (Case 3) $\alpha_{j}$ .
. , Appendix A2 .
–
$V_{k}=r^{k}=(x^{2}+y^{2})^{k/2}$ , $k$ ( ) $\Phi=(yp_{x}-xp_{y})^{2}$
$V_{k}= \frac{1}{r}[(\frac{r+x}{2})^{k+1}+(-1)^{k}(\frac{r-x}{2})^{k+1}]$ ( ) $\Phi=_{Py(yPx}-xp_{y})+\frac{1}{2}y^{2}V_{k-1}$
$V_{k}=Ax^{k}+By^{k}$ ( ) $\Phi=p_{x}^{2}+2Ax^{k},$ $p_{y}^{2}+2By^{k}$
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, ,
. - , 2 ( ) – ,
$-$
$l\mathit{3}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{d}-\mathrm{U}\mathrm{a}\mathrm{r}\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{x}(/)$ r 5J‘ o G , $\dot{\ovalbox{\tt\small REJECT}}\Gamma\backslash$ 1
.
32 3 4 –
,
$\Phi=(yp_{x}-xp_{y})3$ , $\Phi=(yp_{x}-Xpy)^{2}H$ (43)
1 2 – –
. – , – ,
– . , –
– , – . , 3
– , , 3












. Hietarinta [2] , 5
















. Poisson $0$ (15) ,








. (48) 3 , 4 .
Case 1. $\Phi=a_{3}(yp_{x}-xpy)^{S}+B0p_{x}+B_{1}p_{y}$ (51)
Case 2. $\Phi=(a_{2}p_{x}+b_{2p_{y}})(ypx-xp_{y})2+B_{0p_{x}}+B_{1}p_{y}$ (52)
Case 3. $\Phi=(a_{1}p_{x}^{2}+b_{1p_{x}}p_{y}+c_{1}p_{yy}^{2})(yp_{x}-xp)+B_{0p_{x}}+B_{1}p_{y}$ (53)




















. (56)$-(59)$ , (50) (21) $(x, y)$
. $0$
, $a_{3}\neq 0$ (Case 1), $(a_{2}, b_{2})\neq(0,0)$ (Case 2), $(a1, b1, c1)\neq(0,0, \mathrm{o})$ (Case 3),
$(a\mathit{0}, b\mathit{0}, c0, do)\neq(0,0,0, \mathrm{o})$ (Case 4) $\alpha_{j}$ .
. [8] .
Case –




– , 1 2 – , –




$\Phi=A_{0}(X, y)p_{x}^{4}+A_{1}(x, y)p_{x}p_{y}3+A_{2}(x, y)p_{x}22p_{y}+A_{3}(x, y)p_{x}p^{3}y+A_{4}(x, y)p_{y}^{4}$
$+B_{0}(x, y)p_{x}^{2}+B_{1}(x, y)pxp_{y}+B_{2}(x, y)p_{y}^{2}+C_{0}(x, y)$ (60)
. Poisson $0$ (15) ,





. (61) 4 , 5 .
Case 1. $\Phi=a_{4}(yp_{x}-xp_{y})4+B_{0p_{x}^{2}}+B_{1}p_{x}p_{y}+B_{2p_{y}^{2}}+C_{0}$ (64)
Case 2. $\Phi=(a_{3}p_{x}+b_{3p_{y}})(ypx-xp_{y})3+B0p_{x}^{2}+B_{1p_{x}p_{y}}+B_{2}p_{y}^{2}+C_{0}$ (65)
Case 3. $\Phi=(a_{2}p_{x}^{2}+b_{2p_{x}p_{y}}+c_{2}p^{22}y)(yp_{x}-Xp_{y})+B0p_{x}^{2}+B_{1}p_{x}p_{y}+B_{2p_{y}^{2}}+C_{0}$ (66)
Case 4. $\Phi=(a_{1}p_{x}^{3}+b_{1p_{x}^{2}\mathrm{P}y}+c_{1}p_{x}p_{y}^{2}+d_{1}p_{y}^{3})(ypx-xpy)+B_{0p_{x}^{2}}+B_{1p_{x}p_{y}}+B_{2p_{y}^{2}}+C_{0}(67)$





































. (70)$-(74)$ , (75) (21) $(x, y)$
. $0$
, $a_{4}\neq 0$ (Case 1), (as, $b_{3}$ ) $\neq(0,0)$ (Case 2), $(a_{2}, b_{2}, c_{2})\neq(0,0, \mathrm{o})$ (Case 3),
$(a_{1}, b_{1}, c_{1}, d_{1})\neq(0,0,0, \mathrm{o})$ (Case 4), ($a0,$ $b0,$ $c\mathit{0},$ do, $e\mathrm{o}$ ) $\neq(0,0,0,0, \mathrm{o})$ (Case 5)
$\alpha_{j}$ . . ,
[8] .
Case –
1 $V_{k}=(x^{2}+y^{2})^{k/2}$ $\Phi=(yp_{x}-Xp_{y})4$ :. $-$
$2$ $V_{k}\equiv 0$
3 $V_{k}=(x^{2}+y^{2})^{k}/2^{\cdot}\dot{\Phi}=(ypx-xpy)^{2}H$
$V_{k}= \frac{1}{r}[(\frac{r+x}{2})^{k+1}+(-1)\text{ }(\frac{r-x}{2})k+1]$ $\Phi=.(p_{y}(yp_{x}..-xpy). +\frac{1}{2}y^{2}Vk-1)^{2}$
4 $V_{k}= \frac{1}{r}[(\frac{r+x}{2})^{\text{ }+}1+(-1)^{k}(\frac{r-x}{2})k+1]$ $\Phi=(p_{y}(yp_{x}-xpy)+\frac{1}{2}y^{2}Vk-1)H$
5 $V_{\text{ }}=Ax^{k}+By^{\text{ }}$ $\Phi=a\circ(p_{x}^{2k}+2Ax)^{2}+e\mathit{0}(p_{y}^{2}+2By)^{2}k$
– , 1 2 –
. , 1 .
43 1
$k$ $k\geq 5$ , . , \S 3.2 ,
$k=3,4$ , 4 – (44), (45),
(46) . , 3 , Case 5





. – $H^{2}$ , $c_{0}=0$
. , $\Phi$ $\Phi-2c0H^{2}$ . , (74)
$4a0V_{xyyy}-b_{0}(3V_{xxyy}-V)yyyy-d\mathrm{o}(V_{xx}xx-3V_{xxy})y-4e0V_{x}xxy=0$ (77)





$-4(j-1)(k-j-1)(k-j)(k-j+1)\alpha_{j-1}e_{\mathit{0}}=0$ , $(j–2,3, \ldots, k-2)$ (78)
. , $\alpha_{j}$ . - , (75) $B0,$ $B1,$ $B2$
((62) ) (21) , $(x, y)$ $2k-2$
. $0$ , $2k-1$ .









. $\text{ },$ . $k=.,,3:.$. ,
$M_{11}= \frac{1}{3}(3\alpha 0-\alpha 2)(45\alpha 0-2\alpha 2)$ , $M_{21}=-30_{\alpha_{3}}(3\alpha 0-\alpha_{2})$ , $M_{22}=- \frac{112}{3}\alpha_{2}(3\alpha_{0}-\alpha_{2})$ ,
$M_{31}=-9\alpha 0\alpha_{2}-7\alpha 2+245\alpha_{3}^{2}$, $M_{32}=60_{\alpha_{2}\alpha_{3}}$ , $M_{33}=-9(\alpha \mathit{0}-2\alpha_{2})(5\alpha 0-\alpha_{2})$ ,
$\ovalbox{\tt\small REJECT}_{1}$ $=-30\alpha_{2}\alpha_{3}$ , $M_{42}=-40\alpha_{2}2$ , $M_{43}=30_{\alpha_{3}}(3\alpha 0-2\alpha_{2})$ , $M_{44}=- \frac{8}{3}\alpha_{2(}3\alpha 0-16\alpha 2)$ .
$k=4$ ,
. $M_{11}= \frac{1}{3}(6\alpha_{0}-\alpha_{2})(42\alpha_{0}-\alpha 2)$ , $M_{21}=-11\alpha_{3}(6\alpha 0-\alpha_{2})$ , $M_{22}=- \frac{80}{3}\alpha_{2}(6\alpha_{0}-\alpha_{2})$ ,
$M_{31}= \frac{1}{6}(540\alpha_{0}\alpha_{2}-16\alpha_{2}2+99\alpha_{3}^{2}-1512\alpha 0\alpha 4+228\alpha_{2}\alpha_{4})$, $M_{32}=-80\alpha_{3}(3\alpha 0-\alpha_{2})$ ,
$M_{33}=80\alpha_{\mathit{0}}\alpha_{2}$ , $M_{41}=-2\alpha_{3}(6\alpha 0+37\alpha_{2}-48\alpha_{4})$ , $M_{42}=- \frac{8}{3}(32\alpha_{2^{-}34}^{2}27\alpha-224\alpha 2\alpha)$ ,
$M_{43}=24\alpha_{3}(7\alpha_{0}-\alpha_{2})$ , $M_{44}=- \frac{64}{3}\alpha_{2(\alpha}30-4\alpha 2)$ .
93
$k\geq 5$ ,
$M_{11}= \frac{\{k(k-1)\alpha \mathit{0}-2\alpha_{2}\}\{3k(2k-1)\alpha_{0}-2\alpha_{2}\}}{k(k-1)}$ ,
$M_{21}= \frac{-6(7k-6)\alpha 0\alpha 3}{k-2}+\frac{12(7k-6)\alpha 2\alpha_{3}}{k(k-1)(k-2)}$ , $M_{22}=- \frac{16(3k-2)\{k(k-1)\alpha 0-2\alpha_{2}\}\alpha 2}{k(k-1)}$ ,
$M_{31}=6(k-1)(2k-3) \alpha_{0}\alpha_{2}-\frac{2(17k^{2}-28k+6)\alpha_{2}2}{k(k-1)}+\frac{18(7k-6)\alpha_{3}^{2}}{k(k-1)(k-2)}$
$- \frac{12(7k^{2}-22k+18)\alpha 0\alpha 4}{(k-2)(k-3)}+\frac{48(2k^{2}-4k+3)\alpha 2\alpha_{4}}{k(k-1)(k-2)(k-3)}$,
$M_{32}= \frac{-12(2k-3)(3k-4)\alpha 0\alpha 3}{k-2}+\frac{24(2k-3)(5k-4)\alpha_{2}\alpha_{3}}{k(k-1)(k-2)}$ , $M_{33}=4k(2k-3)\alpha 0\alpha_{2}$ ,
$M_{41}=6(k-2)(2k-3) \alpha_{03}\alpha-\frac{4(29k^{2}-44k+6)\alpha_{2}\alpha 3}{k(k-1)}+\frac{48(7k-12)\alpha_{3}\alpha_{4}}{k(k-2)(k-3)}$
$- \frac{20(7k2-31k+36)\alpha 0\alpha_{5}}{(k-3)(k-4)}+\frac{40(5k^{2}-11k+12)\alpha_{2}\alpha_{5}}{k(k-1)(k-3)(k-4)}$,
$M_{42}= \frac{-16(k-2)(3k-4)\alpha_{2}^{2}}{k-1}+\frac{144\alpha_{3}^{2}}{k-2}-\frac{96(k-2)^{2}\alpha 0\alpha 4}{k-3}+\frac{384(k-2)\alpha_{2}\alpha_{4}}{k(k-3)}$ ,
$M_{43}=12k(k-2)\alpha 0\alpha_{3}$ , $M_{44}=32(k-2)\alpha_{2}^{2}$
. ($a0,$ $b_{0}$ , do, $eo$ ) $\neq(\mathrm{O}, 0,0, \mathrm{o})$ , $M_{11}M_{22}M33M_{4}4=0$ .
, $\alpha_{0}$ $\alpha_{2}$ . , $k=3$ ,
$\alpha_{2}=0$ , $\alpha_{2}=3\alpha 0$ , $\alpha_{2}=\frac{45}{2}\alpha_{0}$ , $\alpha_{2}=\frac{3}{16}\alpha_{0}$ , $\alpha_{2}=\frac{1}{2}\alpha_{0}$ , $\alpha_{2}=5\alpha 0$ (80)
$k=4$ ,
$\alpha_{0}=0$ , $\alpha_{2}=0$ , $\alpha_{2}=6\alpha 0$ , $\alpha_{2}=42\alpha 0$ , $\alpha_{2}=\frac{3}{4}\alpha_{0}$ (81)
$k\geq 5$ ,
$\alpha_{0}=0$ , $\alpha_{2}=0$ , $\alpha_{2}=\frac{k(k-1)}{2}\alpha_{0}$ , $\alpha_{2}=\frac{3k(2k-1)}{2}\alpha_{0}$ (82)




. , $k=3,4$ ,
$V_{3}=x^{323}+3xy+\alpha_{3}y$ , $V_{4}=x^{42}+6_{X}y^{2}+ \alpha 3xy^{3}+\frac{16+\alpha_{3}^{2}}{16}y4$ (84)
,
$xarrow x\sin\varphi-y\cos\varphi$ , $yarrow x\cos\varphi+y\sin\varphi$ , $\tan 2\varphi=-\frac{2}{\alpha_{3}},$ $- \frac{8}{\alpha_{3}}$ (85)
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, . $k$
$xarrow x\sin\varphi-y\cos\varphi$ , $yarrow x\cos\varphi+y\sin\varphi$ , $\tan 2\varphi=-\frac{k(k-1)(k-2)}{3\alpha_{3}}$ (86)
. $\alpha_{2}=3k(2k-1)\alpha 0/2$ , $\alpha_{0}=0$ , , u=y .
, $\alpha 0\neq 0$ . $\alpha_{0}=1$ , (79) 2, 3, 4
(89)
$a_{\mathit{0}}=- \frac{M_{21}}{M_{22}}b0$ , (87)
$d_{0}=- \frac{1}{M_{33}}(M_{31}-M_{3}2\frac{M_{21}}{M_{22}})b_{0}$ , (88)
$e_{\mathit{0}}=- \frac{1}{M_{44}}\{M_{41}-M_{4}2^{\frac{M_{21}}{M_{22}}}-M_{43}\frac{1}{M_{33}}(M_{31}-M_{32^{\frac{M_{21}}{M_{22}})}}\}b_{\mathit{0}}$.
$b_{0}=0$ , $(a_{0}, b0, d0, e\mathrm{o})=(\mathrm{O}, 0,0, \mathrm{o})$ , $b_{0}=1$ .
$a_{\mathit{0}},$
$b_{0},$ do, $e0$ (78) , $\alpha_{4},$ $\alpha_{5},$ $\ldots,$ $\alpha_{k}$ $k$ $\alpha_{3}$
. , (75) $k$
$\alpha_{3}$ . $x,$ $xy,$ $x-y^{2},$$X^{2}-y^{3}2k-22k-32k4k5$
. $x^{2\text{ _{}-}6}y^{42},$$X-y^{5}k7,$ $\ldots,$ $y^{2\text{ }-2}$ $0$ , $2k-5$
. $k$ $\alpha_{3}$ ,
4, 5, . . . , $2k-2$ . $2k-5$ $\alpha_{3}$
, $\alpha_{4},$ $\alpha_{5},$ $\ldots,$ $\alpha_{k}$ , . $k=3$ ,




























. $k=3$ , (91) $0$ 1
.
2 ,


















$+$ 173025983$k^{5}$ – 91304549$k^{6}+30037885k^{7}-55946\mathrm{o}\mathrm{o}k^{8}+450000k^{9}$ ) $2$ (94)
. $0$ , $k=3,4$ . , $k=3,4$
. , $k\geq 5$ , (90), (91) .
, $2k-5$ $\alpha_{3}$ .
$k=3$ , (90) $k=3$ ,
21749715 36463052$\overline{2464}\overline{14}+\alpha_{3}+6608\frac{585}{36652}\alpha_{3}^{4}=0$ (95)
. (95) ,
$\alpha_{3}=\pm\frac{17\sqrt{14}i}{2}$ , $\pm\frac{27\sqrt{3}i}{2}$ (96)
. ,
$V_{3}=x^{32}+ \frac{45}{2}xy\pm\frac{17\sqrt{14}i}{2}y3$ , $V_{3}=x^{32}+ \frac{45}{2}Xy\mp^{\frac{27\sqrt{3}i}{2}y^{3}}$ (97)
. , , (44), (45) .
$k=4$ 3 ,
$63360+ \frac{99}{14}\alpha_{3}^{2}-\frac{99}{768320}\alpha_{3}^{4}=0$ (98)
125136 369963 3 57123
$\overline{49}96\alpha_{3}+\overline{0400}^{\alpha_{3}}\overline{7529}+536000^{\alpha_{3}^{5}=0}$ (99)
111771 4$- \frac{2851200}{49}+\frac{19107}{24010}\alpha_{3}^{2}+\overline{94119200}^{\alpha_{3}}+\frac{5247}{295157811200}\alpha_{3}^{6}=0$ (100)
. 2 , $\cdot$ (90), (91) $k=4$ . 3
$\alpha_{3}=\pm 28\sqrt{10}i$ (101)
,
$V_{4}=x^{4}+42x^{2}y^{2}\pm 28\sqrt{10}i_{X}y^{3}-$. $.48y^{4}$ (102)
. , (46)
, $k=3$ (80) $k=4$ (81) .




. , (45) . $k=4$ , $\alpha_{2}=3\alpha_{0}/4$ , (46)
. , $\alpha_{2}=6\alpha_{\mathit{0}}$ , (84) ,
$V_{4}=x^{4}+6x^{2}y^{2}+8y^{4}$ (104)
. , (46) .
5
, 4 – 2
\uparrow f $\sqrt$\supset , $\mathrm{c}’\supset$.
$\triangleright$ \supset \mbox{\boldmath $\chi$} . , 5
– , , 5






$\Phi=a_{1}(yp_{x}-xp_{y})$ , $a_{1}\neq 0$ . (105)
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$a_{1}=1$ . (31) (21) , $\alpha_{j}$
$\alpha_{1}=\alpha_{k-1}=0$ , $\alpha_{j+1}=\frac{k-j+1}{j+1}\alpha_{j-1}$ , $(j=1,2, \ldots , k-1)$ (106)
. (106) , $k$ $\alpha 0=\alpha 1=\ldots=\alpha_{k}=0$ ,
$0$ . , $k$ $\alpha_{2m+1}=0$ ,
$\alpha_{2m}=\frac{k-2m+2}{2m}\alpha_{2m-2}=\frac{k/2-m+1}{m}\alpha_{2m-2}=\frac{(_{m}^{k/2})}{(_{m-1}^{k/2})}\alpha_{2m-2}$
$= \frac{(_{m}^{k/2})}{(_{m-1}^{\text{ }/2})}\cdot\frac{(_{m-1}^{k/2})}{(_{m-2}^{k/2})}\alpha_{2m-4}=\cdots=\alpha_{0}$ (107)
. $\alpha_{0}=1$ ,
$V_{\text{ }}= \sum_{0m=}^{k}x^{k-22}my=(mX2+y^{2})^{k/2}$ (108)
. $(r, \theta)$ . ,
$r\cdot=(x^{2}+y^{2})^{1/2}$ , $\theta=\tan^{-1}\frac{y}{x}$ (109)
. , – , $\Phi=ypx-xPy$ .
Case 2 –
$\Phi=a_{0}p_{x}+b0p_{y}$ , $(a_{0}, b\mathrm{o})\neq(0,0)$ . (110)
(32) (21) , $\alpha_{j}$
$(k-j)\alpha ja0+(j+1)\alpha_{j+10}b=0$ , $(j=0,1, \ldots, k-1)$ (111)
. , $j=0,1$ ,
$k\alpha_{0}a_{0}=0$ , $2\alpha_{2}b_{0}=0$ . (112)
$(a_{0}, bo)\neq(\mathrm{O}, 0)$ , $\alpha_{\mathit{0}}=0$ $\alpha_{2}=0$ .
$\alpha_{0}=0$ , $\alpha_{0}$ $\alpha_{j}$ $0$ $(j\geq 1)$ . , (111)
$(j+1)\alpha_{j+1\mathit{0}}b=0$, $(k-j-1)\alpha_{j}+1a\mathit{0}+(j+2)\alpha_{j+2\mathit{0}}b=0$ (113)
. $(a_{0}, b\mathrm{o})\neq(0,0)$ , $\alpha_{j+1}=0$ . ,
$j\leq-\backslash k-2$
. , $\alpha_{0}=\alpha_{1}=\cdots=\alpha_{k-1}=0$ . \alpha $=1$ ,
$V\text{ }=y^{k}$ . – , $\Phi=p_{x}$ .
$\alpha_{2}=0$ , $\alpha_{\mathit{0}}=0$ , $\alpha_{0}=1$ . , $a_{0}=0$ , $b_{0}\neq 0$
.
$(j+1)\alpha_{j+}1=0$ $(j=1,2, \ldots, k-1)$ (114)




$\Phi=a_{2}(yp_{x}-xp_{y})2+B_{0}(x, y)$ , $a_{2}\neq 0$ . (115)
$a_{2}=1$ . (40)
$(x\partial_{x}+y\partial_{y}+2)(yV_{x}-XV)y=0\Rightarrow(k+2)(yV_{x}-XV)y=0\Rightarrow yV_{x}-xV_{y}=0$ (116)
I + $\bigwedge_{-}$ $*l’$. $\bigwedge_{-}$ Fl $\mathrm{t}1_{0}1^{\cdot}$
$\mathcal{T}$ , \check c‘‘ 5J‘ $V_{k}=$ $(X’ +y^{A})^{h/4}$ . , – $\Phi=$
$(yp_{x}-XPy)^{2}$ , 1 – $\Phi.=y.px-xPy$ ,
– .
Case 2 –
$\Phi=(a_{1}p_{x}+b_{1p_{y}})(yp_{x}-xp_{y})+B_{\mathit{0}}(x, y)$ , $(a_{1}, b_{1})\neq(0,0)$ . (117)
(41) (21)
$\{(k-j+1)(k+j+1)\alpha_{j-1}-j(j+1)\alpha_{j+1}\}a_{1}$
$+\{j(2k-j+2)\alpha_{j}-(k-j+1)(k-j+2)\alpha_{j-2}\}b_{1}=0$ , $(j=1,2, \ldots, k)$ , (118)
. $j=1,2$ ,
$\{k(k+2)\alpha 0-2\alpha 2\}a1=0$ , $-6\alpha_{3}a_{1}+\{4k\alpha_{2}-k(k-1)\alpha 0\}b_{1}=0$ (119)






$\alpha_{2}=(k-1)\alpha_{0}/4$ , $\alpha_{\mathit{0}}--0$ , $\alpha_{0}=\alpha_{1}=\alpha_{2}=0$ . ,
$\alpha_{0}=\alpha_{1}=\cdots$ =\alpha $–0$ . , $\alpha_{\mathit{0}}=\alpha_{1}=\cdots=\alpha_{j}=0$
. , $j\geq 2$ . , (118) $j$ $j,$ $j+1$
$\{$
$-j(j+1)\alpha j+1a1=0$ $(j\leq k)$
$-(j+\mathrm{I})(j+2)\alpha_{j+2}a_{1}+(j+1)(2k-j+1)\alpha_{j+1}b1=0$ $(j\leq k-1)$
(121)
$(a_{1}, b_{1})\neq(0,0)$ , $\alpha_{j+1}=0$ . , $\alpha_{0}=\alpha_{1}=\cdots=$
$\alpha_{k}=0$ . , $0$ . , $\alpha_{\mathit{0}}\neq 0$ .
, (119) 1 $a_{1}=0$ . $(a_{1}, b_{1})\neq(0,0)$ , $b_{1}\neq 0$ .
$b_{1}=1$ , (118)




. $\alpha_{1}=0$ , $\alpha_{2m+1}=0$ . ,
$\alpha_{2m}=\frac{(k-2m+1)(k-2m+2)}{2m(2k-2m+2)}\alpha_{2m-2}=\frac{(\begin{array}{l}k-mm\end{array})}{2(\begin{array}{l}k-m+1m-1\end{array})}\alpha_{2m-2}$
$= \frac{(\begin{array}{l}k-mm\end{array})}{2(\begin{array}{l}k-m+1m-1\end{array})}$ . $\frac{(\begin{array}{l}\text{ }-m+1m-1\end{array})}{2(\begin{array}{l}k-m+2m-2\end{array})}\alpha_{2m-4}=\cdots=2^{-2m}\alpha_{0}$
. $\alpha 0=1$ ,
$V_{k}= \sum_{m}^{2]}[\text{ }/=\mathit{0}2-2mXk-2m2my=\frac{1}{r}[(\frac{r+x}{2})^{k+1}+(-1)k(\frac{r-x}{2})^{k+1}]$ (123)
. $(\xi, \eta)$ . ,




$\alpha_{2}=k(k+2)\alpha_{0}/2$ , $\alpha 0=0$ $0$
$\alpha 0\neq 0$ . $\alpha_{0}=1$ , (119) 2






$xarrow x\cos\varphi-y\sin\varphi$ , $yarrow x\sin\varphi+y\cos\varphi$ ; $\tan\varphi=-\frac{k(k+1)(2k+1)}{6\alpha_{3}}$ (129)
, –
$\Phi=p_{y}(yp_{x}-xpy)+B\mathrm{o}(x, y)$ (130)
. $a_{1}=0,$ $b_{1}=1$ . , (122)
, .
Case 3. –
$\Phi=a_{0}p_{x}^{2}+b_{\mathit{0}}p_{x}p_{y}+c_{0}p_{y}^{2}+B\mathrm{o}(x, y)$ , $(a_{0}, b0, c\mathrm{o})\neq(0,0, \mathrm{o})$ . (131)
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$2j(k-j)\alpha ja0+\{j(j+1)\alpha_{j+1}-(k-j)(k-j+1)\alpha_{j-1}\}b_{0}=0$ , $(j=1,2, \ldots, k-1)$ (133)
. $j=1,2$ ,




$\alpha_{2}=0$ , (134) 1
$-k(k-1)\alpha_{\mathit{0}}b0=0$ . (136)
, $b_{\mathit{0}}\neq 0$ , $\alpha_{0}=0$ . , $\alpha_{\mathit{0}}=\alpha_{1}=\alpha_{2}=0$ .
, (133) $\alpha_{3}=\alpha_{4}=\cdots$ =\alpha $=0$ , , $0$
. , $b_{0}=0$ . ( $a_{0},$ $b_{0)}\neq(0,0)$ , $a_{0}\neq 0$ .
$a_{0}=1$ , (133)
$2j(k-j)\alpha_{j}=0$ , $(j=1,2, \ldots, k-1)$ (137)
. , $\alpha_{1}=\alpha_{2}=\cdots=\alpha_{k-1}=0$ ,
$V_{k}=\alpha_{\mathit{0}}x^{k}+\alpha_{k}y^{k}$ . (138)
$(x, y)$ . , –
$\Phi=p_{x}+22k\alpha_{0}x$ , $\Phi=p^{2}y+2\alpha ky^{k}$ (139)
.
$\alpha_{2}=k(k-1)\alpha_{\mathit{0}}/2$ , $\alpha 0=0$ , $\alpha 0=\alpha_{1}=\alpha_{2}=0$ . , $b_{0}\neq 0$ ,
$0$ . , $b_{\mathit{0}}=0$ . ,
(133) $\alpha_{1}=\alpha_{2}=\cdot:$ . $=\alpha_{k-1}=0$ , , $V_{k}=y^{k}$
. , $\alpha_{k}=1$ . , – $\Phi=p_{x}^{2}$ , 1
– $\Phi=p_{x}$ , – . , $\alpha_{\mathit{0}}\neq 0$ . $\alpha_{\mathit{0}}=1$
(134) 2 ,





$xarrow x\cos\varphi-y\sin\varphi$, $yarrow x\sin\varphi+y\cos\varphi$ , $\tan 2\varphi=-\frac{k(k-1)(k-2)}{3\alpha_{3}}$ (142)
, –
$\Phi=a_{0}px+c0p_{y}+B22(\mathrm{o}x, y)$ (143)
. , $b_{\mathit{0}}=0$ . , $\Phi-2c0H$
, $c\mathit{0}=0$ . , (137) ,
.
$\mathrm{B}$
2 $f(x)=0$ $g(x)=0$ $x=\alpha$
$|\alpha^{m-1}\alpha^{m-2}f\alpha^{n}-1g(\alpha^{n-}2ff(\alpha)g(\alpha)g(\alpha)(\alpha)(\alpha)\alpha)$
$=..\cdot.\cdot.a_{0}=a0\alpha^{m}-1++na_{1}1=a0\alpha^{n}=b\alpha=b_{\mathit{0}}\alpha^{m}=b00\alpha-21+a_{2+-}1\alpha^{n}\alpha mmm+n+a\alpha m+n.-3m-+.\cdot.\cdot.\cdot 2+n-1m+n-+b_{1}\alpha m+mn-2m+\cdot.\cdot\cdot+an\alpha-1+b_{1}\alpha^{m-}++b_{m}1=0+b1\alpha-2++n+bm\alpha-+\cdot.\cdot+an.=.0^{+a_{n}\alpha}+n3+\alpha..1nnb_{m}\alpha-2=0-=0=0=0$ (144)
. , 1, 2, . . . , $m+n-1$ , $\alpha-1,$$\alpha^{m}m+n+n-2,$ $\ldots,$ $\alpha$
, $m+n$ , $m+n$ $0$ .
, $R(f, g)$ $0$ .
$R(f, g)$ $0$ , $m+n$
– . 1, 2, . . . , $m+n$ $a_{1},$ $a_{2},$ $\ldots,$ $a_{m},$ $b_{1},$ $b_{2},$ $\ldots,$ $b_{n}$
$\sum_{i=1}^{m}Cia_{i}+\sum_{j=1}ndjb_{j}=0$ , $(c_{1}, \ldots, d_{n})\neq(0, \ldots, 0)$ (145)
. 1, 2, . . . , $m+n$ $X-1,$$Xm+nm+n-2,$ $\ldots,$ $1$
$\sum_{i=1}^{m}c_{i}Xm-if(x)+\sum dj^{X^{n-}}g(x)=j=1nj\mathrm{o}$ (146)
. , $\sum_{i=1}mc_{i}xm-i=h(X),$ $\sum_{j=1}^{n}d_{j}x^{n}-j=k(x)$
$h(x)f(x)=-k(X)g(_{X})$ (147)
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. $f(x)$ $\deg f(x)$ ,
$\deg k(X)\leq n-1<n=\deg f(x)$ . (148)
, $f(x)$ $g(x)$ , $k(x)$ $f(x)$
. , $f(x)$ $g(x)$ . , $f(x)=0$
$g(x)=0$ 1
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